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A calculation of the paramagnetic current suggests how infinite conductivity can
lead to perfect diamagnetism in soft superconductors in a stationary state.

1. INTRODUCTION

An unsolved question of the theory of soft superconductors regards the
relationship between perfect conductivity and perfect diamagnetism. Both
properties are required for the phenomenological descriptions of supercon-
ductors in a stationary state. They can be shown to be formally independent
properties and yet, as stated by Kuper (1978), “the ways they manifest
themselves are so closely related that one can hardly believe that they are
really independent.” Indeed Evans and Rickayzen (1964) showed that in
any microscopic theory with an electron scattering mechanism perfect
diamagnetism (B = 0) is necessary and sufficient for perfect conductivity
(E = 0). The converse, namely, that E = 0 implies B = 0, has not so far been
proved. If, for instance, one considers the Ginzburg—Landau theory, then
B =0 and E =0 are consequences of two long-range order quantities: the
phase @ of the wave function and the chemical potential p related, for a
system in equilibrium, by

a6
N —2u/h (1)
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Although equation (1) implies that in steady state conditions p must be
position independent, from which infinite conductivity follows, the converse
does not necessarily lead to perfect diamagnetism, which requires v =
const.

The purpose of this work is to show that the argument can be turned
around and that indeed perfect diamagnetism requires perfect conductivity.
This statement is based on a calculation, given in Section 2, of the static
paramagnetic response of type-1 superconductors proportional to the prod-
uct of a static scalar potential G(r) and a static magnetic vector potential
A(r). Section 3 contains the conclusions.

2. THE STATIC PARAMAGNETIC RESPONSE
PROPORTIONAL TO G(r) and A(r).

Let us consider a superconducting slab in the x- y plane and let us
choose arbitrarily a( — Q), the Fourier transform of A(r), in the y direction.
By taking Q along x the transversality condition is satisfied. In what follows
we use the notations of Rickayzen (1959, 1965).

The effects of A(r) and G(r) on the superconductor can be studied by
adding to the free Hamiltonian the perturbations (Rickayzen, 1959, 1965):

H, = —2aa(~ Q)Zky[[(k’ - Q)(Y*k—QOYko - Y*lek—Ql)
- P(k, - Q)(Y*k—QOY*kl - Yk_Qlka)] +HC
and

H,=G(- Q’)él [m(k'— Q,)(Y*k—Q'Oy*kl + Yk—Q'lYko)

+n(k’— Q,)(Y*k—QO'YkO + Y*lek—Q'l)] +H.C.
H, represents the usual magnetic interaction term. For simplicity we neglect
band structure effects entirely. In addition, Q’ is chosen along the :z

direction and a = eh /2mc.
The paramagnetic current operator is

eh
Q) =12 T (3k+ Q)15 0) (¥es gratio— Tuatee o)
k

_ P(k’Q”)(Y*k+Q"0‘Y*k1 — YI(+Q"1Y/(0)] +HC (2)
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with Q” = Q+ Q’. The diamagnetic part of the current does not contribute
to the total current for the geometry chosen.

In the derivation of the equations of motion we keep only terms which
contribute to (2) linearly in the product a(— Q)G(— Q7). Since only the
Fourier components Q and Q' are assumed to be present for A(r) and G(r),
respectively, we need only the expectation values of products of y operators
which differ by momentum Q to first order in a(— @) and by momentum
Q’ to first order in G(— Q’). A self-consistent solution for the v, , ,v, pairs
is known and can be found, for instance, in Rickayzen (1959, 1965).

It is represented by

Y*iegat*a = —20a(= Q)k, (1= fy = firg) P (k. Q¥ (Q)
Ve or¥io = 2aa(—= @)k, (1= fi = frs o) P (K, Q)7 H(Q)
T*er 0o¥ko = 20a( = Q) K (fic = fis o )1(K, Q) B (Q)
Y aYesor = —20a(= @)k (fi — fir o) 1k, Q) ESH(Q) (3)
Similarly, a solution for the v, , oY, pairs can be obtained
Vs 00Vko = 2k G (= Q) (k, Q) ESHQ ) fx = frs o)
T*erooY = —2kG(= Q) p(k, Q) (@)1~ fi ~ firg)
Yer 010 =2k G (= Q) p(k, Q)i Q) (1= fi = fus o)
YaYeegr=—2kG(= QK QVEHQ N fi = fasg) @)
where
v (Q)=E +E.

and
Ek(Q) = Ek+Q - E,

by using (3) and (4) one can derive the equations of motion for the y pairs
appearing in (2). The calculations are lengthy but similar to those performed
by Miller in connection with the frequency-dependent Hall effect in normal
and superconducting metals (Miller, 1961). For the sake of completeness we
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give the final results
Y1 orotko = — 206G (= Q")a(= @)k, E; Q")
X [m{k+Q", = @)1= frsg — g ) Pk + 0, Q)viio(Q)
+m(k+Q",~Q)1- fi ~ firg) Pk, Q)i (Q)
~n(k+ Q= Q) fesg ~ frsg (K + Q" Q) Ecl g (Q)
+n(k+0Q", = 0)fu~ fes o)1k, @) ET(Q)]
Y*er oYt = —20G( = 0")a(~ @)k, »: ()
x[=m(k+0"~ Q) fero = frro )k + Q" Q) Elo(Q)
+m(k+Q”, = Q) f = fis )10k, Q) E(Q)
—n(k+ 0"~ Q)1~ fu~ fir o) P(k. Q) Q)
~n(k+Q, = Q)1 furg ~ frvg)
X plk+0,0)vio(0)] (5)
Yir griteo = 20G (= Q)a(— Q) ki H(Q”)
x[=m(k+Q" = 0 ferg = frs )1k + 0", Q) E; Q)
+m(k+Q", = Q') fi~ frr o)1k, Q) E; Q)
—n(k+Q" = QN1~ ferg — fusg ) P{k+ 07, Q)0 (Q)
X =n(k+0Q", =)A= fi~ fis o) P(k, Q) (Q)]
Y*aYeson = 206G (= 0")a(= Q)k, E1(Q7)
x[m(k+Q", = @)1= fi = frsg) P (k. Q)7 (0Q)
+n(k+Q", = QW /i = fes )1k, Q) ESH(Q)
+m(k+Q, = Q)V1= firg— firg ) p(k+ 0. Q)rilo(0Q)
—n(k+Q", = Q) frrg — frag )k + 0", Q) Elo(0)]



Type-1 Superconductors

From (2) and (5) we obtain

” ezhz ’

‘])(Q ) = E kakj’:G( -Q )a(_ Q)L(E’ €0 Ek+Q")
k

with

L{(e, Ekv 0 Er o)

=21(k,0")| - m(k+0Q", = Q") p(k,Q)1=fi— fuso)
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(6)

E(Q")r(Q)
_n(k+0", = 0)I(k,Q)(fi = fis o)
E(Q")E(Q)
B m(k+Q,—Q)p(k+Q,0)(1 _fk+Q'_fk+Q")
Ek(Q”)Vk+Q'(Q)
+ n(k+Q’, Ql)l(k + Q/’Q)(fk+Q’ —fk+Q")
E(Q")Ei.(Q)
m(k'*‘Q,a_Q,)l(k+Ql’Q)(fk+Q'—fk+Q")
—2plk,Q” p
p( 0 ) Vk(Q”)Ek+Q’(Q)
_ m(k+Q”’—Q’)l(k’Q)(fk—fk+Q)
v.(Q”) Ec(Q)
+ n(k+Q,—0Q)p(k +Q/’Q)(1_fk+Q’_fk+Q”)
Vk(Q”)Vk+Q’(Q)
+n(k+Q”’—Q,)p(k’Q)(l_fk_fk+Q) (7)
1 (Q7)v(Q)

3. B=0FROME=0

So far no specific form for G(r) has been assumed. It is unnecessary. In
fact, since the balancing of the various forms acting on the superelectrons is
automatically taken into account by the chemical potential u° (Anderson
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et al.,, 1965), we take G(r) @ u. For superconductors, however, stationarity
requires that g be constant far from boundaries. Thus under the assumed
conditions,

G(-Q)=n/kr8(Q) (8)

These substitutions transform (6) into the usual expression for the para-
magnetic current of a soft superconductor (Kuper, 1964; Rickayzen, 1959,
1965; Tinkham, 1975). This follows from (2) when Q’=0 and can be
directly seen by taking the limit Q’— 0 in (6) and (7), as required by (8).
Equation (7) yields

pP(kO)0-h~f) Pk Q)NA- 1)

L(ssEI’EZ) (9)
(E;+ E)’ (B~ Ey)’
where 1 and 2 substitute the indices k and k + Q, respectively.
By integrating over Q’, (6) gives for continuous k
I(0)=% h £ “(( )Q)fd3kkxky2L(e,sl,ez) (10)
If we now make the approximation
phe _ pk 1
E,+E,  E,—E 2 (11)
which is equivalent to taking
2mA
< 12
Q=3 P (12)

where A is the energy gap, equation (10) reduces to the usual paramagnetic
current (Kuper, 1968; Rickayzen, 1959, 1965; Tinkham, 1975). Equation
(12) obviously preserves superconductivity. The sum of paramagnetic and
diamagnetic currents then generates the Meissner effect in a well-known
way. In fact, when (11) is verified L(e, ¢, ¢,) becomes

Pz(kaQ)(l_fl_fz) + Iz(k’Q)(fl_fz)

Le,er,e0) = E, + E, E, - E,

(13)

If now A =0 as in normal metals, the first term in (13) vanishes while the
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second term exactly cancels the diamagnetic current. When A # 0, the first
term no longer vanishes, the diamagnetic current is no longer compensated
and the total current leads to the Meissner effect. We therefore reach the
following conclusion: while @ is responsible for the stiffening of the wave
function and, through A, for the modulation of (13), 1 not only accounts for
infinite conductivity, but as shown above, also for the paramagnetic current.
It is then the superposition of the two types of order in the total current
which results in perfect diamagnetism. In this sense, therefore, perfect
diamagnetism requires perfect conductivity.
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